Module 13 the dual of L’ spaces

13.1 the dual of L”-I [Fol 6.2]

it : Folland 5.1, 6.2.
JEAXIZAE lec 25 FUALE B, 1HI2 24 i F-% 47 Radon-Nikodym Thm, ¥4 /£ 081 T B2 58 1
() =1
FYIERH (227 —> proof surjectivity of the isometry g — €,). R FRIC T HcAEX B, #1% F 1L lectures,
SERR 6.2 3% 5.
FATE 4> —4 example of Holder’s ineq S [A][12—F:

recall Holder’s ineq: for 1 < p,q < oo, ;1) + % =1 =

gl < 1 flpllgllq

Example 13.1 Prove:

31 m 1‘J0(95)|:C 50
feL’([-1,1], ):/_lmd <

Apply Holder’s: BESX f € L3, IR AFA TP, take p = 3, correspondingly ¢ = 3/2:

/11|‘f(\/|%)||d:z: < (/t\f(:c)\?’da:);(/ll |$1|i da:)g (13.1)

both integrals evaluate < oo

13.1.1 intro to dual space

XHEHPHE K :=Ror C.

recall, X} F—~ K-vector space V, —4* linear functional of V 3 ;&—{ linear function

f: V=K
SHFAER NVS 1V, FATA 7] PLE X —A~ linear functional [ boundedness.
Def 13.1 (bounded linear functional )

Let V be a K-NVS, f : V — K be a linear functional.
FATFE f bounded, if exist C' > 0 s.t.

[FW) < Cllvll, YveV

¥, linear functional #J boundedness F1E £ R #1#) boundedness £ A~ —FEHIHEZ:.
V£ R %) boundedness /R BRBUE R A1, M{E A linear map #9 boundedness (Lt4t) R RERIEH
R boundedness, A H— vector Ik K Z1&.



13.1 the dual of LP-I [Fol 6.2]

Proposition 13.1 (linear functional bounded <= ctn at 0)
if f:V — Kis a linear functional, TFAE:
o f bounded

o f continuous

o f continuousat( € V

Proof (i) to (iii): trivial.
(@) to (ii): i f bounded, 2RI LA pick O s.t. |f(v)] < C|Jv]|.
Pick vg € V,€ > 0. Set § := . Then

lv —woll <6 = [f(v) = fvo)| = [f(v—wo)| < Cllv —wol| <e

M ctn.
(iii) to (1): 36 > 0 s.t. |[v]| <0 = |f(v)| < L.

T2 vo € VA{0} #

Fo-
= Lm0l o
(o]l

taking C' = %, 15.21] boundedness.

Remark jXA> proposition 7 #E R A AT, B — D REARNE A RFIE SR T, (22 A1 HIIH linear map 5
A2 SRR UL e BEAA Y, by its def.

recall in 395: SZPR_F XA~ B W iZ % BTG 1 linear map #P i 57., A H & linear functionals.

IR ATIA K linear map 52 ctn [, {HZ2HSZE ctn iff bounded, unbounded FJIHEERE A ctn.

PAJKz: linear map between finite dim spaces 5.2 bounded 4, \TIEE ctn B, Ak BIATEHEW
B A& infinite dim spaces. L1 LP.

Def 13.2 (dual space)

If V is a NVS, FA1E X E /) dual space as:

V* := {bounded linear functionals f:V — K} Iy

Def 13.3 (norm of dual space: B[] dual norm)
Given f € V*, set
flv
1lli= sup PO o o))
ver\ioy Il 2t

where ||v|| ZRE V' EAEH R norm. 3X4> norm g{FR 4 dual norm. 2

XA IR A THE RS Fh 75 Wi 5 2 Y operator norm, HUARGE X HL, $85E —> NVS, %7 H: dual
space [} linear functional, ‘& /& [l & i, A FFEHEE v Al f (v) fEHEAS norm, 2 f(v) SE2Ara, 1M v
from J§ NVS, 248 E 1 norm. Remark M E X FIRATTH, SHTFEZR v eV, f e VY, EA:

[F @) < ([ £+l
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13.1.2 V* being a Banach space

Theorem 13.1 (dual space is always Banach)
XTTFEERR NVS V: V* #2—> Banach space. (not assuming V' Banach).

Proof First we can confirm V* is a VS, [X25'E /i linear functions of the same size ZH Ji%.
Claim 1: V* 22—/~ NVS.
PEAAEE v € VX € KERA | f(Ao)| = A [f(v)], AT
feVixeK = [Afll« = Al [[f]l«
PAK
frgeViveV = |(f+9))| =f(v) +9(v)] < [f(v)] +]g(v)]

S}
fFrge Ve = |If +gll« < £l + llgll«

T FAT verify V* Banach.
Claim 2: —“ Cauchy seq in V* —Z pointwise converge to some f.

Pick (f,)$°, —A> Cauchy seq in V*. Let € < 0, fF4E N 54 TAER m,n > N #H ([ fo — flls < e 3K
(MEEEPE
an - fm”* —0

E Mm% T4E& v € V, we have

|fn(v) = fmn ()| < [Ifa = fall<l[v]] = 0
HHILATHE K 2 complete B, [H1fi f,.(v) converges in K to some element, declared to be f(v).
Bl f, — [ pointwisely:
lim fr(v) = f(v)

n—»00
(X2 H &R, IS AR linear function f — g Y operator norm & 0, AR ABEHI B2 ICE R, B —EH
HAHTT f, g 1) image A—FE, 15X 4> norm A2 0.)
Claim 3: f & linear HJ, 3+ H bounded (M ctn), B f € V*.
linearity: H1F&F14> f,, #F2 linear ),
fa@+ay) = fu(z) + afaly)

B3N]

fle+ay) = lm fo(e+ay) = lin (fo(z) +afa(y)) = m fo(e) +a lim fuly) = f(z) +af(y)
P f etk
(Note: i XE{FRA T linear map Ay pointwise §fR —E 2 linear map.)
Boundedness: Note a standard fact from metric spaces: every Cauchy sequence is bounded.
R fr /&> bounded seq, BIfF¥E M > 0 such that || f,,|| < M for all n. Then

F@)] = | lim fu@)] < lim [fa@)] < lim [ fall-]lz] < M ||

Hence f is bounded (continuous), and || f||. < M. Claim 4: ||f, — f|«+ — 0, proving V* 2 Banach f.
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WTS:
lfn = Fll = sup |(fn = f)(2)] =0

llz]|=1
//TO BE DONE.
Actually jX-> Theorem £ 5 general fTE:

XL nvm V il Banach W, L(V, W) — £ 4 Banach [1]. Q

Proof ), Folland 5.4.

* 1,1
1313 (L) =L +1=1

Theorem 13.3 (3-F & 4 conjugate exponent HJ p, ¢, L? & LI {4 dual space)

For 1 < p, ¢ < oo with % + % =1, we have:
(LP)" = L
In particular the Hilbert space:
(L2)* = L2 .
Proof Define map
L9 (1P)" (132)
g— 9y (13.3)

where

o,(f)i= [ fo. Fer

It is well-defined by Holder:
felP.ge ! — fge Lt

and
sl = [ 1£91 < 1l
Easy:
Gy(f1 + f2) = B4(f1) + Dy(f2)
Also
20l =| [ o] < [15l <1710 -l
Thus

D4 € (LF)*



13.2 the dual of LP-II [Fol 6.2]

13.2 the dual of L?”-1I [Fol 6.2]

13.3 the dual of LP-III [Fol 6.2, finished ]
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